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Spectral singularities are ubiquitous with PT-symmetry leading to infinite transmission and re-
flection coefficients. Such infinities imply the divergence of the fields in the medium thereby breaking
the very assumption of the linearity of the medium used to obtain such singularities. We identify
saturable nonlinearity retaining contributions from all orders of the field to limit the infinite growth
and regularize the spectral singularity. We present explicit numerical results to demonstrate regu-
larization. The all order nonlinear PT-symmetric device is shown to exhibit very effective isolation
or optical diode action, since transmission through such a system is nonreciprocal. In contrast, a
linear system or a system with Kerr nonlinearity is known to have only reciprocal transmission.
Further we demonstrate optical bistability for such a system with high contrast.
PACS numbers: 42.25BS, 42.65Pc, 03.65-w, 42.79Ta
Complex PT -symmetric potentials [1] possessing real
spectra have drawn considerable attention in recent times
[2–7]. Optics has played a very fertile role to offer
both theoretical and experimental testbeds for the unique
properties of PT -symmetric systems [2, 8–10]. The ad-
vantages and versatility of optics stem from the one to
one correspondence between the Schro¨dingier equation
and the Helmholtz equation, and the ability of the dielec-
tric function to mimic the complex potential in certain
cases. Though most of the studies are devoted to later-
ally coupled systems (mostly waveguides and directional
couplers) [2, 8, 11], there have been studies on purely
one dimensional systems with adjoining loss and gain
sections [12–16]. Diverse effects like power oscillations,
loss-induced increase in transmission, non reciprocity in
reflection, invisibility etc have been reported [2, 8, 10].
It has been shown that the plasmonic realization of PT -
symmetric devices hold a great deal of promise for future
technologies [17]. In view of the broad span of the under-
lying physics concepts and their appeal for fundamental
and applied research a host of diverse systems has been
studied to understand the consequences of spontaneously
broken PT -symmetry. These include Talbot imaging,
coupled waveguides and periodic structures, Bloch oscil-
lations, chaos, coupled lumped networks, PT -CPA lasers
and many other linear and nonlinear systems [10, 11, 18–
22].
Perhaps the most striking feature of the PT -symmetric
systems, is their ability to possess spectral singularities
which has been investigated in detail [13, 15, 16, 23].
These studies assume that the underlying equations are
linear. At the spectral singularities the reflection and
the transmission coefficients tend to infinity. There have
been nonlinear extensions of the theory involving a dis-
persive Kerr type nonlinearity in a distributed feed-
back system [24] reporting bistability and non reciprocity
in reflection. Soliton-type solutions and other nonlin-
ear modes have been reported in several other studies
[25, 26]. Two very recent studies investigate the robust-
ness of the singularity in presence of Kerr type nonlin-
earity or in the framework of a nonlinear Schro¨dingier
equation [27, 28]. It is shown that the presence of a dis-
persive nonlinearity does not break the parity-reflection
symmetry of the spectral singularities, which are now
power dependent [27]. In this letter we show that a dif-
ferent nonlinear mechanism is needed to limit the infinite
growth of the reflection and transmission coefficients. In
particular, with an example of a waveguide with equal
finite segments of gain and loss, we show that the incor-
poration of a saturation mechanism for both gain and loss
can lead to finite scattering amplitudes. Indeed, a Kerr
type nonlinearity can move around the location of the
singularity via an intensity-induced modification of the
optical path. In view of the divergence of the field for
a linear system a nonlinearity having contributions from
all orders of the field is needed for the description of the
realistic system. Thus, a saturable nonlinearity can lead
to an intricate local field distribution affecting the inten-
sity dependent real and imaginary parts of the dielectric
function, eventually breaking the PT -symmetry. Note
that saturable nonlinearities are extremely important in
optics and their role has been adequately discussed in
the classic text by Allen and Eberly [29]. However, to
the best of our knowledge, saturation type nonlinearities
have not been addressed in the context of PT -symmetric
systems. Moving from dispersive to saturation type non-
linearites increases the complexity of the problem to the
extent that analytical treatment is no longer possible and
one has to revert to numerical simulation. Note that ex-
act or approximate solutions are known for dispersive
nonlinearity [30], while such are missing for saturable ac-
tive/passive media.
2FIG. 1: Schematic view of the PT -symmetric waveguide with
equal segments of gain and loss medium.
The proposed system has several definite advantages.
Most importantly, such a device can act like a near-
perfect isolator allowing only one way traffic [31]. Similar
optical diode action can find many applications in chip-
level optical circuitry. Indeed in the nonlinear regime it
allows light to pass through only in one direction imply-
ing non reciprocity in transmission. Note that the lin-
ear counterpart can never have nonreciprocity in trans-
mission, though reflection can be nonreciprocal [32, 33].
Even in a Kerr nonlinear system such nonreciprocity in
transmission is absent [24]. Secondly, as expected from a
nonlinear system, there can be multivalued response with
high contrast between the ‘off’ and ‘on’ states. Needless
to mention that these feature are quite attractive for pure
optical switching and logic operations. .
PT -symmetric system with all order nonlinear-
ity: Consider the quasi-one dimensional system shown
in Fig. 1, consisting of alternating equal segments of loss
and gain. For a general power-dependent nonlinear re-
sponse the Helmholtz equation for such a system can be
written as:
[
∂2
∂x2
+ k2ǫ
(
|Ψ|
2
)]
Ψ = 0, (1)
where k = ω/c is the vacumm wave vector and ǫ is the
power dependent dielectric function. We further model
the loss (gain) medium to be a collection of two-level
atoms without (with) interaction. The dielectric function
can then be expressed as [34]:
ǫ
(
|Ψ|2
)
= 1 + χ0η
(
|Ψ|2
)
, (2)
with
η
(
|Ψ|
2
)
=
{
δ+i
1+δ2+α|Ψ|2
0 < x < L
δ−i
1+δ2+α|Ψ|2
−L < x < 0
, (3)
where δ = (ω − ω0) /Γ˜ is the detunning normalized to
the total decay rate Γ˜ = γ + Γ with 2γ and Γ giving
the Einstein A coefficient and the collisional line width,
respectively. χ0 is the imaginary part of the linear sus-
ceptibility at resonance. Since Γ˜/ω0 is typically ∼ 10
−4,
one has ω =
(
1 + 10−4δ
)
ω0. In Eq. (3) we introduce a
binary switch parameter α with values 1 and 0 to indicate
the presence and absence of nonlinearity. It is clear from
a close inspection of Eq. (3), that an increase in power
affects both the real and imaginary parts of η. And, thus,
the propagation aspects determined by Eq. (1).
An indepth nonlinear study requires a complete un-
derstanding of the linear properties of the system. Prop-
erties of the linear counterpart is now well understood
[13, 21]. We recall some of the essential features for self
consistency. For illumination from both sides by plane
waves with amplitude a and d, leading to scattered am-
plitudes b and c, one can relate them through a 2 × 2
matrix M as: [
c
d
]
=M
[
a
b
]
. (4)
Particular cases of left-incident and right-incident scat-
tering solutions can be written as [13]
Ψl (x) =
{
cl
(
eikx + rle
−ikx
)
x < −L
cltle
ikx x > L
, (5)
and
Ψr (x) =
{
crtre
−ikx x < −L
cr
(
e−ikx + rre
ikx
)
x > L
, (6)
where Il = |cl|
2 (Ir = |cr|
2) are the incident light intensi-
ties, rl, tl (rr , tr) are the corresponding amplitude reflec-
tion coefficient and amplitude transmission coefficient.
We can then get transmission and reflection coefficients
Tl = |tl|
2
(Tr = |tr|
2
) and Rl = |rl|
2
(Rr = |rr|
2
).
In terms of the elements of M, for the linear system,
the amplitude transmission and reflection coefficients are
given by matrix elements of M [13, 21]:
tl =
detM
M22
, tr =
1
M22
, rl = −
M21
M22
, rr =
M12
M22
,
(7)
and we have detM = M22M11 − M12M21 ≡ 1 [35],
which gives tl = tr [32, 33]. For a general proof di-
rectly based on Helmholtz equation, see equation 9 in
[32], which holds for any linear medium . For PT sym-
metric systems, one has additional relations M22 (ω) =
M∗11 (ω
∗). Based on these properties, for a real ω, if
|tl| = |tr| = 1, we haveM22M11 = |M22|
2
= 1. In order
to satisfy detM (ω) ≡ 1, we need M12M21 = 0. Thus
at least one of the amplitude reflection coefficients rl and
rr must be zero as will be confirmed by Fig. 2 below.
For calculations we picked two singularities, namely,
n = 0 and n = 10 of the Table I in Ref. [13]. Most
of the results will refer to the most discussed in litera-
ture case of n = 0 as proof of principle, while the case of
n = 10 will be discussed in the context of practical real-
ization and viability of a near perfect isolator in the opti-
cal domain. n = 0 singularity occurs at χ0 = 1.82765566
3FIG. 2: Linear response of the PT -symmetric system. Black
(darkgreen) solid line: log
10
Tl = log10 Tr; red dashed line:
log
10
Rl; blue dash-dotted line: log10 Rr. Besides the sin-
gularity at D, the two critical points A and B occur at
δ = −0.533 and δ = 3.256, respectively. The inset shows
the total scattered intensity S = R + T for left (blue solid
line) and right (red dashed line) incidence.
and from transition frequency ω0, we may get the half-
length of scattering area L0 for divergence by the con-
dition k0L0 = 1.06468255, where k0 =
ω0
c
is the wave
vector corresponding to the transition frequency. The
results for linear response (the various transmission and
reflection coefficients) are shown in Fig. 2. The occur-
rence of the singularity is marked by letter D, while the
critical points are labeled by A, B. The one marked
by D reflects the situation where all the reflection and
transmission amplitudes are singular, and it has been
discussed in great detail [13]. The critical points in Rl
and Rr occur at A and B, respectively, for left and right
incidence. One can also demarcate parameters regimes
of overall gain and loss, looking at the total scattering
S = T + R as a function of δ. The gain (loss) domains
is characterized by S > 1 (S < 1). For example, for the
critical point in Rl at A, we notice that a crossover at
ω = ωA takes place from loss to gain behavior. Analo-
gous behavior is observed at the critical point B for right
incident waves. Note that such cross-over behavior and
both linear and nonlinear response in terms of the crit-
icality could be very different for a different resonance,
since they refer to different system sizes as compared to
the wavelength. This will be further highlighted in the
context of the nonlinear response.
Regularization of spectral singularities: Having
discussed the linear properties, we ask the question how
nonlinearity (see Eq. (3)) affects the spectral singular-
ities and critical points. We concentrate mostly on the
singularity at D, where all the coefficients diverge in the
linear system (see Fig. 2.). In the context of the zeroes of
R (the critical points), we show how the domain bound-
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FIG. 3: Regularization of the spectral singularity. Intensity
reflection ((a), (c)) and transmission coefficients ((b), (d)) as
functions of normalized detuning δ. Top (bottom) rows are
for left and right incidence, respectively. Heavy red dashed
line in each panel gives the linear results (α = 0) for reference.
The different curves are for increasing incident intensity I =
|c|2=10−6, 0.01, 0.04 to 0.36 along the direction of the arrows.
aries between gain and loss get affected by the nonlinear
response. We employ a variation of the finite difference
method for numerical integration of Eq. (1), with non-
linearity (3) [36]. For the power levels used in the calcu-
lations, convergence was easily achieved.
Our central result concerns the ability of the saturation
type nonlinearity to limit the infinite growth, which even-
tually can lead to optical isolation and diode action. The
results for the reflection and transmission coefficients for
both left and right incidence for different power levels are
shown in Fig. 3. Indeed, the singularity gets destroyed
by the saturation mechanism, as would be the case in
a realistic system. In fact, the peak amplitude gets less
and less with increasing power level. Moreover, there is
a frequency shift of the peak for higher powers with a
broadening of the response.
Nonreciprocity, optical isolation and bistability:
We now show how the gain/loss domain boundary given
by S = 1 gets distorted by increasing power levels. The
color density plot in Fig. 4 shows the dependence of the
transmission and reflection coefficients as functions of δ
and the incident intensity I. The domain boundaries
for left and right incidence characterized by Rl = 0 and
Rr = 0 are shown by blue lines in (a) and (c), respec-
tively. The case T = 1 are depicted by the black heavy
lines in (b) and (d) for left and right incidence. It is clear
4FIG. 4: The color density images (in log scale) of the in-
tensity reflection and transmission coefficients as functions of
normalized detuning δ and incident intensity I : (a) log
10
Rl,
(b) log
10
Tl, (c) log10 Rr and (d) log10 Tr. The zeros of the
reflection coefficients Rr and Rl are shown by blue lines. For
comparison, they are reproduced as thin lines in the right pan-
els. The contour Tl = 1 (Tr = 1) is shown as heavy (black)
lines in panel (b) (panel (d)).
that the effects of nonlinearity is not the same for left
and right incidence even in case of transmission. Recall
that transmission is known to be reciprocal in linear sys-
tems, and, as has been shown recently, even in nonlinear
systems with Kerr type nonlinearty [24, 32, 33]. In our
case nonlinearty can lift the parity degeneracy, and make
transmission nonreciprocal. In fact, we show below, that
this nonreciprocity can be amplified to the extent that
system allows predominantly only one way transmission
(optical isolation). It allows light to pass through for left
incidence while it is blocked for light coming from the
other side leading to the optical diode action. Another
interesting feature that need be noted from the black line
in Fig. 4(b) is that the same power level corresponds to
three distinct values of δ (say at I = 2.2). This is a typ-
ical signature of a nonlinear system and normally gets
manifested in bistable or multi-stable response. In what
follow we show both diode action and bistability in our
system. To this goal we choose a system with L = 3L0,
which is detuned from the spectral singularity which oc-
curs at k0L0 = 1.06468255. We show that bistable re-
sponse of transmission coefficient for left incidence Tl as
a function of the modulus of the incident amplitude. One
can easily see the high contrast of the lower and upper
branches. The part of the curve with negative slope is
unstable as in standard hysteretic response.
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FIG. 5: Optical isolation and bistability in the nonlinear PT
symmetric system when L is no more the resonant length L0.
(a-b) L = 3L0 for n = 0, (c-d) L = 2.2L0 for n = 10. The pa-
rameters for n = 0 (n = 10) were taken as k0L0 = 1.06468255,
χ0 = 1.82765566 (k0L0 = 32.8243878, χ0 = 0.17167639) as in
table I of [13].
The results discussed above clearly demonstrate the re-
markable potentials of PT -symmetric systems with sat-
urable nonlinearity. However, in the optical domain
k0L0 = 1.06468255 (for n = 0) corresponds to a system
of size 100 nm− 1 µm, and it may be really challenging
to create gain and loss regions. In order to overcome such
difficulties, one can choose a larger system, say for n = 10
with k0L0 = 32.8243878, χ0 = 0.17167639. With atomic
vapors such a set of parameters should be achievable.
As mentioned earlier, the linear and nonlinear response
could be very different for different order singularities
with different n values. The results for n = 10 are shown
in Figs. 5(c) and 5(d). A comparison of these with Figs.
5(a) and 5(b) for n = 0 reveals that one now has a com-
pletely contrasting result, since cases of left and right
incidence exchange their roles. Now one has bistable re-
sponse for Tr, while one had multi valued response for left
incidence for n = 0. Even for nominal intensities below
a certain threshold, one has near perfect optical isolation
(Fig. 5(c)). One also has the familiar bistable response
5for larger power levels (Fig. 5(d)). Clearly such effects
open up new application possibilities of PT -symmetric
systems.
In conclusion, we have studied a PT -symmetric waveg-
uide with saturable nonlinearity. We show that the sat-
urable nonliearity can regularize the spectral singularities
and limit the infinite growth of the scattering amplitudes.
Besides, the nonlinear response can exhibit near-perfect
optical isolation, showing near-total transmission for left
incidence, while it is close to zero for right incidence.
We stress that nonreciprocity in transmission is a prop-
erty of our all order nonlinear PT -symmetric system and
is absent in linear transmission or even in transmission
through Kerr-nonlinear systems. We highlight the appli-
cation potentials of this optical diode action with near-
perfect isolation and bistability in logic and memory de-
vices.
∗ xuele@okstate.edu
[1] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80,
5243 (1998).
[2] C. E. Ru¨ter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev, and D. Kip, Nat. Phys. 6,
192 (2010).
[3] Mark J. Ablowitz and Ziad H. Musslimani, Phys. Rev.
Lett. 110, 064105 (2013).
[4] Chao Hang, Guoxiang Huang, and Vladimir V. Konotop,
Phys. Rev. Lett. 110, 083604 (2013).
[5] S. Klaiman, U. Gu¨nther, and N. Moiseyev, Phys. Rev.
Lett. 101, 080402 (2008).
[6] S. Bittner, B. Dietz, U. Gu¨nther, H. L. Harney, M. Miski-
Oglu, A. Richter, and F. Scha¨fer, Phys. Rev. Lett. 108,
024101 (2012).
[7] Y. N. Joglekar, C. Thompson, D. D. Scott, and G. Ve-
muri, Eur. Phys. J. Appl. Phys 63, 30001 (2013).
[8] A. Guo, G. J. Salamo, D. Duchesne, R. Morandotti, M.
Volatier-Ravat, V. Aimez, G. A. Siviloglou and D. N.
Christodoulides Phys. Rev. Lett. 103, 093902 (2009).
[9] S. Longhi, Phys. Rev. Lett. 105, 013903 (2010).
[10] K. G. Makris, R. El-Ganainy, D. N. Christodoulides, and
Z. H. Musslimani, Phys. Rev. Lett. 100, 103904 (2008).
[11] S. Longhi, Phys. Rev. Lett. 103, 123601 (2009).
[12] Ali Mostafazadeh, Phys. Rev. A 87, 012103 (2013).
[13] Ali Mostafazadeh, Phys. Rev. Lett. 102, 220402 (2009).
[14] A Ruschhaupt, F Delgado and J G Muga, J. Phys. A
Math. Gen. 38, L171 (2005).
[15] Ali Mostafazadeh, Phys. Rev. A 83, 045801 (2011).
[16] Zafar Ahmed, J. Phys. Math. Theor. 42, 472005 (2009).
[17] H. Benisty, A. Degiron, A. Lupu,A. De Lustrac, S.
Che´ais, S. Forget, M. Besbes, G. Barbillon, A. Bruyant,
S. Blaize, and G. Le´ondel, Opt. Express 19, 18004 (2011).
[18] Carl T. West, T. Kottos and T. Prosen, Phys. Rev. Lett.
104, 054102 (2010)
[19] H. Ramezani, D. N. Christodoulides,V . Kovanis, I.
Vitebskiy, and T. Kottos, Phys. Rev. Lett. 109, 033902
(2012).
[20] H. Ramezani, J. Schindler, F. M. Ellis, Uwe Gu?nther,
and T. Kottos, Phys. Rev. A 85, 062122 (2012).
[21] S. Longhi, Phys. Rev. A 82, 031801(R) (2010).
[22] Y. D. Chong, Li Ge and A. D. Stone, Phys. Rev. Lett.
106, 093902 (2011).
[23] Ali Mostafazadeh, Phys. Rev. A 80, 032711 (2009).
[24] Zin Lin, H. Ramezani, T. Eichelkraut, T. Kottos, Hui
Cao, and D. N. Christodoulides, Phys. Rev. Lett. 106,
213901 (2011).
[25] Z. H. Musslimani, K. G. Makris, R. El-Ganainy, and D.
N. Christodoulides, Phys. Rev. Lett. 100, 030402 (2008).
[26] D. A. Zezyulin and V. V. Konotop, Phys. Rev. Lett. 108,
213906 (2012).
[27] Ali Mostafazadeh, Phys. Rev. Lett. 110, 260402 (2013).
[28] Ali Mostafazadeh, Phys. Rev. A 87, 063838 (2013).
[29] L. Allen and J. H. Eberly, Optical Resonance and Two-
level Atoms (Dover Publications, Inc., New York, 1987).
[30] S. Dutta Gupta, in Progress in Optics, vol 38, Ed. E.
Wolf (North Holland, Amsterdam, 1998) pp. 1-85.
[31] D. Jalas, A. Petrov, M. Eich, W. Freude, S. Fan, Z. Yu,
R. Baets, M. Popovic´, A. Melloni, J. D. Joannopoulos,
M. Vanwolleghem, C. R. Doerr and H. Renner, Nat. Phot
7, 579 (2013).
[32] G. S. Agarwal and S. Dutta Gupta, Opt. Lett. 27, 1205
(2002).
[33] Zafar Ahmed, Phys. Rev. A 64, 042716 (2001).
[34] G. S. Agarwal, Quantum Optics (Cambridge University
Press, 2013), Chapt.13.1.1.
[35] Francesco Cannata, Jean-Pierre Dedonder, Alberto Ven-
tura, Annals of Physics 322, 397 (2007).
[36] M. M. Dignam, Phys. Rev. B 50, 2241 (1994).
